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Abstract This paper presents a theoretical model on the normal (head-on) collision between
soft-spheres on the basis of elastic loading of the Hertz contact for compression process and a
nonlinear plastic unloading for restitution one, in which the parameters all are determined in terms
of the material and geometric ones of the spheres, and the behaviors of perfect elastic, inelastic,
and perfect plastic collisions appeared in the classical mechanics are fully described once a value of
coeﬃcient of restitution is speciﬁed in the region of 0 ≤ ε ≤ 1. After an empirical formula of the
coeﬃcient of restitution dependent on the impact velocity is suggested to ﬁt the existing experimental
measurements by means of the least square method, the predictions of the dependency and the
collision duration are in well quantitative agreement with their experimental measurements. It is
found that the measurable quantities are dependent on both the impact velocity and the parameters
of spheres. Following this model, ﬁnally, an approach to determine the spring coeﬃcient in the linear
viscoelastic model of the collision is also displayed. These results obtained here will be signiﬁcantly
beneﬁcial for the applications where a collision model is requested in the simulations of relevant grain
ﬂows and impact dynamics etc.. c© 2011 The Chinese Society of Theoretical and Applied Mechanics.
[doi:10.1063/2.1104106]
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Since the pioneering work of Ref. 1, discrete-element
modeling of particle ﬂows has found widespread use for
a multitude of applications, including geophysical, as-
trophysical, strong earthquake induced damage of struc-
tural pound, and industrial systems etc.2–10 In such re-
searches, an essential model to describe the force laws
in collision phase between two contacted bodies has to
be requested a priori. In order to reveal the mechanism
of force laws, numerous experimental and theoretical
simulation investigations for the force laws between the
collision spheres have been strongly conducted,5–7,11–20
where the coeﬃcient of restitution and collision dura-
tion are measured. It has been known that the quali-
tative nature of the corresponding predictions based on
the existing models can diﬀer signiﬁcantly, only some of
which are in accordance with experimental trends, i.e.,
the quantitative predictions of force laws for a given
model will vary depending on the magnitude of the in-
put parameters which have no determinant way to be
selected.21 When the impact-velocity-dependent resti-
tution coeﬃcient is taken into account to simulate the
property of a vibrated granular medium,22 where the ex-
perimental results of restitution coeﬃcient were taken
from the case of steel plate impacted by a sphere,23 the
simulation results indicated that they diﬀer signiﬁcantly
from those of simulations based on a constant restitu-
tion coeﬃcient. In this case, the study of establishing
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a theoretical model to fully characterize behaviors of
the whole collisions is necessary and important to the
research of grain ﬂows and impact dynamics.
Due to diﬃculties and natural complexities of direct
measurement of the contact force, the establishment of a
theoretical model for the force laws between the contact
particles in the collision has been performed on the ba-
sis of a phenomenological theory of deformable bodies of
contact. To reﬂect the energy dissipation in the normal
(head-on) collision, recently, the existing models can
be divided into two categories: viscoelastic and elastic-
plastic models.13,18,20,24–26 In the viscoelastic models,
the energy dissipation in the inelastic collision is usu-
ally assumed to be one induced by an equivalent dash-
pot in terms of damping. The elastic-plastic models,
on the other hand, describe the energy dissipation by
means of the plastic deformation existing in the colli-
sion. Usually, majority of these models require some
inputs which cannot be directly measured (e.g., spring
constant, and dashpot coeﬃcient, etc.).20 On the basis
of the experimental data for the collision between two
spheres, Stevens and Hrenya20 studied the suitability of
seven existing models by comparing their predictions,
from which it ﬁnds that no one of them can fully give a
prediction of the collision behaviors. For example, the
Hertz elastic contact based model can describe only the
perfect elastic collision, while the linear-spring/dashpot
or viscoelastic model sometimes gives some absurd pre-
dictions, e.g., inﬁnite collision duration to the perfect
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plastic collision. In fact, almost all viscoelastic models
cannot give a reasonable prediction of the perfect plas-
tic collision. In the elastic-plastic models, the loading
is employed either by a linear spring or by the nonlin-
ear Hertz solution associated, sometimes, with a plastic
part. It is obvious that the linear spring is not rele-
vant to any mechanical model of deformation between
spheres such that till now, no way has been found to de-
termine the spring coeﬃcient in terms of the parameters
of collision spheres. In the elastic-plastic model on the
basis of Hertz elastic loading proposed by Thornton,18
where the inputs are based on the material parame-
ters, it is also found that the predictions of this model
are sometimes signiﬁcantly diﬀerent from the experi-
mental data.20 Once the impact velocity is greater than
the yielding velocity, a critical value of impact velocity
when a collision sphere enters plastic deformation, in
addition, one can get that the coeﬃcient of restitution
given by this model is zero only when either the impact
velocity approaches to inﬁnite or the yielding velocity
is zero, which is obviously unsuitable to the practice of
the perfect plastic collision and those inelastic collisions
near it. In fact, the experimental measurements of the
restitution coeﬃcient and the collision duration varying
with the impact velocity for the collision between two
spheres have not been characterized well in quantity.
Here, we propose a theoretical model for the nor-
mal collision between two spheres on the basis of the
Hertz elastic loading and plastic unloading to character-
ize whole behaviors of the collisions. After an empirical
formula is suggested to the dependence of the coeﬃcient
of restitution on the impact velocity, the predictions of
the restitution coeﬃcient and collision duration vary-
ing with the impact velocity are performed to compare
them with their measured data. The essential equa-
tions of the model are brieﬂy displayed, where an em-
pirical formula is suggested to ﬁt the experimental data
of dependence of the coeﬃcient of restitution on impact
velocity. We also show the predictions of collision du-
ration dependent on impact velocity to compare with
their experimental measurements. Considering the ex-
tensive applications of the linear viscoelastic model in
simulations, we give an explicit formula to determine
the spring coeﬃcient in the linear viscoelastic model by
means of the equivalent of energy stored in the deforma-
tion of loading process between the model and the one
proposed here. Finally, some remarks are concluded.
Denote the contact force during collision between
two spheres by F and the relative approaching displace-
ment of the two sphere centroid or namely the compres-
sion displacement by δ. After the second Newtonian law
is applied to each sphere and one of the resulting two
equations is subtracted to another one, we can get the
dynamic equation of the collision in the form
Mδ¨ = −F, (1)
where M = M1M2/(M1 +M2) indicates the equivalent
mass, M1 and M2 are the masses of the two spheres,
respectively. Here, the dot over head of a character rep-
resents the diﬀerentiation with respect to time t. As-
sume that the velocities of before- and after-collision are
δ˙0(> 0) and δ˙f , respectively. In the literature, δ˙0 is re-
ferred to the impact velocity. According to the theory of
collision in classical mechanics, we know that the coeﬃ-
cient of restitution ε is relevant to the collision velocities
of the form
ε = −δ˙f/δ˙0. (2)
To the governing Eq. (1) what we introduced here, the
initial conditions can be written as
t = 0 : δ = 0, δ˙ = δ˙0. (3)
Let the collision duration be T . Then, we have δ˙f =
δ˙|t=T . For the contact force F , here, we exploit the
Hertz elastic loading and a nonlinear plastic unloading
consisting of a linear term and a nonlinear term similar
to the Hertz contact, i.e.
F =⎧⎨
⎩
kδ3/2, δ > 0, δ˙ > 0
λ(δ − δ∗) + ε3k(δ − δ∗)3/2, δ > δ∗, δ˙ < 0
0 δ < 0, or δ < δ∗, δ˙ < 0.
(4)
in which k = 4ER1/2/3 is the material constant in the
Hertz solution, λ and δ∗ are the unknown parameters to
be determined. R and E are the equivalent radius and
Young’s modulus of the collision spheres, respectively,
i.e., R = R1R2/(R1 + R2) and E = [(1 − μ21)/E1 +
(1− μ22)/E2]−1, in which Ei, μi and Ri (i = 1, 2) stand
for the Young’s modulus, Poison’s ratio, and radius of
i-th sphere, respectively. From Eq. (4), we know that
F = 0 when δ = 0 at the beginning of the loading
process and δ = δ∗ at the end of the unloading process.
Thus, δ∗ means the residual displacement of relative
approach bodies in the inelastic collision. Applying the
energy principle to the loading and unloading processes,
respectively, we get
δmax =
(
5M
4k
δ˙20
)2/5
, (5)
1
2
λ(δmax−δ∗)2+ε3 2
5
k(δmax−δ∗)5/2 = 1
2
M(δ˙f )
2. (6)
Considering the continuity of force at the maximum dis-
placement at the loading and unloading processes, we
can write
kδ3/2max = λ(δmax − δ∗) + ε3k(δmax − δ∗)3/2. (7)
Equations (6) and (7) are the nonlinear algebraic
equations on the unknowns λ and δ∗. Substituting
Eqs. (2) and (5) into Eqs. (6) and (7), and neglecting the
parameter λ in Eqs. (6) and (7) as well as introducing
the dimensionless factor on the residual displacement,
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x = δ∗/δmax, we obtain the following dimensionless non-
linear equation
[1− ε3(1− x)3/2](1− x) = 4
5
ε2[1− ε(1− x)5/2] (8)
to determine the dimensionless factor x of residual dis-
placement. Once a value of the coeﬃcient of restitu-
tion is speciﬁed, we can get the solution of x by solving
Eq. (8). According to Eq. (8), we know that x = 0
and x = 1 are the solutions of the equation for the
cases of ε = 1 and ε = 0, respectively, which are cor-
responding to the perfect elastic and plastic collisions
respectively. Figure 1 displays the exact solution of di-
mensionless factor, x, of the residual displacement de-
pendent on the coeﬃcient of restitution ε in the region
of [0, 1]. From Fig. 1, we ﬁnd that 0 ≤ x ≤ 1 and the
value of x decreases monotonously as ε increases. After
that, the value of λ can be gained either by substitut-
ing the results of x into Eq. (6) or (7) . Considering
the application in simulations of collision as convenient
as possible, here, we try to get an analytically approx-
imate solution of x with accuracy as high as possible.
By means of the perturbation technique on the param-
eter ε and the solutions the case of perfect elastic and
plastic collisions, an analytical solution of x to Eq. (8)
is fortunately gained in the form
x ≈ 1− 4
5
ε2 − ε
8
5
(
4
5
)5/2/
{
1−
[
1−
(
4
5
)5/2]
ε
}
+ ε16(1− ε), (9)
which has the exact value when ε = 1 and ε = 0. Figure
2 plots the curve of relative error of the approximate so-
lution to its exact solution shown in Fig. 1 varying with
the coeﬃcient of restitution. It is found that the maxi-
mum relative error of the approximate solution is within
1%. Thus, the approximate solution has accuracy high
enough.
Fig. 1. Exact value of dimensionless factor x of residual
deformation in the collision of bodies versus the restitution
coeﬃcient ε.
Fig. 2. Relative error of the approximate value of dimen-
sionless factor x of the residual deformation expressed by
Eq. (9) versus the restitution coeﬃcient ε.
Substitution of the approximate solution of Eq. (9)
into Eq. (7) yields
λ = kδ1/2max
{
5
4ε2
{
1 + ε6
1
4
(
4
5
)5/2/
{
1−
[
1−
(
4
5
)5/2]
ε
}
− 5
4
ε14
(
1− ε
)}−1
−
√
4
5
ε4
{
1 + ε6
1
4
(
4
5
)5/2/{
1−
[
1−
(
4
5
)5/2]
ε
}
−
5
4
ε14
(
1− ε
)}1/2}
, (10)
which indicates that λ = 0 when ε = 1, and λ → ∞
when ε = 0, respectively. These results are reasonable
to practice, i.e., the former one corresponds to the per-
fect elastic collision where the loading and unloading
processes are fully same, and the latter one implies that
the unloading process is a linear line with slope angle of
π/2, that is δ = δmax. Consequently, the parameters in
the proposed model expressed in Eq. (4) all are deter-
mined in terms of the material and geometric parame-
ters of the collision spheres associated with a speciﬁed
value of restitution coeﬃcient in [0, 1].
The experimental measurement shows that
the coeﬃcient of restitution in the collisions be-
tween two spheres decreases as the impact velocity
increases.11,16,20 To reﬂect this dependence for the
collision between two spheres, we propose an empirical
formula to describe the dependence by ﬁtting the
experimental measurements. From the experimental
data, one sees that there is some energy dissipation in
the collisions even when the impact velocity is lower
than the yielding velocity. In this case, the energy
dissipation is mainly generated by non-plastic deforma-
tion such as sound and heat in the collisions. When the
impact velocity is large enough up to another critical
value, denoted by δ˙lim, the coeﬃcient of restitution
is equal to zero. In such case, it is a reasonable
assumption that the maximum relative approaching
displacement is equal to the minimum radius of the two
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spheres, i.e., δ = min{R1, R2}. Taking into account the
perfect plastic relation between the contact pressure
and the displacement to such case, we can give an
estimation of the limit velocity in the form
δ˙lim ≈
√
3Ymin/ρ˜, (11)
where Ymin means the minimum yield strength of the
spheres and ρ˜ is the density of mass corresponding to
the sphere with Ymin. Then an empirical formula for
the dependence of coeﬃcient of restitution on impact
velocity is here suggested in the form
ε = e−σ[δ˙0/(δ˙lim−δ˙0)]
ψ
, (12)
in which σ and ψ are the ﬁtting coeﬃcients. With the
limitation of space, here and following, we give the the-
oretical predictions of it only relevant to the experi-
mental measurements of Ref. 20 Using the least square
method to ﬁt the experimental data of each material
of the collision spheres, we get the values of the ﬁtting
coeﬃcients σ = 3.043 2 and ψ = 0.540 for the stainless
steel spheres with correlative coeﬃcient of R¯= 0.899 1,
σ = 0.141 8 and ψ = 0.311 4 for the chrome steel sys-
tem with R¯= 0.432 6. What the correlative coeﬃcient
for the chrome steel spheres is less than one for the
stainless steel system means that the experimental data
for the former system are more disperse than those for
the latter case, which is concomitant to the experimen-
tal data displayed in Fig. 3. Comparing with the ratios
of equivalent Young’s modulus to the yield strength for
the stainless steel and the chrome steel systems, we ﬁnd
that the former ratio is greater than the latter one about
6.5 times, and both the ﬁtting coeﬃcients of σ and ψ
increase with the increase of the ratio. After that, the
predictions of the empirical formula for the coeﬃcient
of restitution depending on the impact velocity are per-
formed. Figure 3 exhibits the ﬁtting results of Eq. (12)
to the experimental data, which demonstrates that the
empirical formula of Eq. (12) gives splendid predictions
to the experimental data. Meanwhile quantitatively, it
also gives a comparison of the predictions of Thornton’s
theory18 with the experimental data and the theoreti-
cal ones obtained here, which shows that most results
given by the Thornton’s theory are much lower than the
experimental measurements.
Another measurable quantity in the collision exper-
iments is the collision duration. In order to evaluate
the theoretical model further, we display the predictions
of this quantity in comparison with the experimental
ones. Taking the integral to dynamic equation for the
loading and unloading processes, respectively, where the
approximate solution of x is employed, we can get the
collision duration in the form
T = T1 + T2 = (η1 + η2)T
∗, (13)
in which
T ∗ =
(
52M2
42k2
δ˙−10
)1/5
, (14)
Fig. 3. Predictions of Eq. (12) to the coeﬃcient of resti-
tution dependent on the impact velocity are compared with
the experimental data.20
η1 =
∫ 1
0
du√
1− u5/2 ≈ 1.4717, (15)
η2 =
∫ 1
x
εdu
/
√
κ[(1− x)2 − (u− x)2] + ε5[(1− x)5/2 − (u− x)5/2].
(16)
Here,
κ =
25
16
{{
1 + ε6
1
4
(
4
5
)5/2/
{
1−
[
1−
(
4
5
)5/2]
ε
}
− 5
4
ε14
(
1− ε
)}−1
−
(
4
5
)3/2
ε6
{
1 + ε6
1
4
(
4
5
)5/2/
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{
1−
[
1−
(
4
5
)5/2]
ε
}
−
5
4
ε14
(
1− ε
)}1/2}
. (17)
From Eqs. (13)–(17), we know that the collision du-
ration T decreases as the impact velocity increases and
ε decreases, and the collision duration changes in the re-
gion of [η1T
∗, 2η1T ∗]. The experimental measurements
of collision duration in Ref. 20 tell us that the colli-
sion duration decreases with the increase of the impact
velocity only. After the parameters of material and ge-
ometry of the collision spheres for the stainless steel
and the chrome steel materials, as well as the depen-
dence of restitution coeﬃcient on impact velocity ex-
pressed in Eq. (12) are substituted into Eqs. (13)–(17)
and the numerical integral is employed to Eq. (16), we
get the predictions of collision duration of them vary-
ing with the impact velocity too. Figure 4 exhibits the
predictions compared with the experimental data. Ac-
cording to it, we ﬁnd that the predictions are in well
quantitative agreement with the experimental data, in
which the predictions for the chrome steel system are
less greater than the experimental measurements while
those for the stainless steel system have some lower de-
viation than the experimental data. Since the plastic
deformation during the loading process is not taken
into account in the proposed model and the yielding
velocity (0.008 2 m/s) for the stainless steel system is
much smaller than the one (0.909 0 m/s) for the chrome
steel spheres, it is reasonable that the predictions in the
present theory give some disturbance of predictions for
the stainless steel system and a good prediction for the
chrome steel system, which suggests that the plastic de-
formation has to be considered in the loading process.
Fig. 4. Comparison of theoretical predictions of the collision
duration with their experimental measurements.20
Based on the above theoretical model, here, we
give an approach to determine the spring coeﬃcient in
the linear viscoelastic model of collision between two
spheres if this model is still utilized in simulations.
Denote the spring coeﬃcient in the linear viscoelastic
model by α. Applying the equivalent of energy stored
in the springs and in the nonlinear deformation of Hertz
contact when they have the same maximum displace-
ment, we have
1
2
αδ2max =
2
5
kδ5/2max. (18)
Substituting Eq. (5) into Eq. (18), we get
α =
4
5
kδ1/2max =
4
5
(
5
4
k4Mδ˙20
)1/5
∼ (ρE4δ˙20)1/5R,
(19)
which gives an explicitly dependence of the spring co-
eﬃcient on the material and geometric parameters of
the collision spheres. Here, ρ means the equivalent
density of mass of the collision spheres. In the simu-
lation of particle movements by means of the particle
(or discrete) dynamic method,4 we have the scale or-
ders of quantities of R ∼ 10−4 m, δ˙0 ∼ 100 − 101 m/s,
E ∼ 108N/m2, ρ ∼ 103 kg/m3. Substitution these
scale orders of the quantities into Eq. (19), we obtain
α ∼ 103 N/m which has the same order obtained in
Ref. 3 (i.e., α = 2× 103 N/m) by numerous tribulation
searches such that the simulation calculations can be
performed suitably. Once the impact velocity changes
with order of magnitude, the simulation displays that
the calculation becomes unstable when the spring coef-
ﬁcient is set to be a constant. It is obvious that this
problem may be overcome when Eq. (19) is employed
in the simulations.
A comprehensive theoretical model for predicting
the behaviors of collision between spheres is proposed
to gain insight into the force laws during contacts, from
which the perfect elastic, inelastic, and perfect plastic
collisions all are well characterized and the parameters
in the model are formulated in terms of the material and
geometric ones of the collision spheres. For the depen-
dence of restitution coeﬃcient on the impact velocity, an
empirical expression is splendidly suggested to well ﬁt
the existing experimental measurements for the stain-
less steel and chrome steel material systems. After that,
the collision durations measured in the experiments of
the sphere materials are quantitatively predicted out by
the theoretical model. Based on the equivalent of en-
ergy stored in the deformation of loading process, an
explicit expression of the spring coeﬃcient in terms of
the material and geometric parameters of the collision
spheres is obtained to the linear viscoelastic model of
collision. These results are useful to the applications in
simulation researches of particle ﬂows and impact dy-
namics.
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